Probability and Statistics

Quiz Two Solution

1.
Sol :
_ fv2 2
X =Rcos® R=vX"+Y
. = Y
Y =Rsin® ®=tan ' —
X
*» X and Y are two i.1.d. Gaussian random variables with zero mean and unit variance.
. 1 X +y?
2. The joint PDF £, , (x, y) = fy (x)- f,(y) = Eexp{— 5 Y }.
By Jacobian transformation, we can obtain the joint PDF as following:
dxdy| 1 r
r,g)= X, V) =—-exp{——}-r, r=0.
Jro(rs@) = [y (x,y) irdd| 2n p{ 5 }
(1) The PDF of R:
2
™ r
=" fealr.)dg= reexpl=—lu(n).
(2) The PDF of ®:
fol#) = j fra(rp)dp=——, pel-m,7).
fR(IJ(r $)=—-r- exp{——}u(r) fr(r)- f<b(¢)
.. R and @ are 1ndependent.
2.
Sol :

*» X and Y are two i.i.d. exponential random variables.
. The joint PDFfX,Y (X, ¥) = fx (0)- f, (y) =exp{—(x+ y) Ju(x)u(y).
LetA=X-Y,suchthatZ =(X —Y)u(X -Y) = Au(A).

The PDF f,(a)= [ fy,(a+ y, y)dy
- j: exp{—(a+2y)u(a+ yu(ydy

I exp{-2y}dy, a>0
=exp{-a}-
J: exp{—-2y}dy, a<0

lexp{—a}, a>0
2 1

= =—exp{-|d|)
1 2
Eexp{a}, a<0



A, A>0

v Z=Au(A) =
0, A<O

.. The PDF £, (z) = %5(2,) +%eXp{—z}u(z)

w’

where §(z) = Zzowithré( )iz =1
“700, 220 LR

b

® 1
= E[z]zjlmz-fz(z)dzza.
3.
Sol :
Define Z = max[ X, X,,...., X, ],and W =min[ X, X,,..., X, ].
The joint CDF F,,(z,w)=P[Z<7,W <w]
=PZ<z]-PlZ<z,W>w]
M- X,,X,,...,X, areii.d. random variables with PDF f, (x) and CDF F, (x).
L PIZ <z]=[F; (2)]".
(2) PIZ<z,W >w]=Pmax[X,, X,,.... X, ]<z,min[ X, X,,... X, ]>w]
=Plw<X <z,w<X,<z,..,w<X <z]
=Plw<X, <z]-Plw<X,<z]-...-Plw< X, <z]
=[Fy (2)-F,WI".
Q) F,y(z,w)=Pl[Z<z]-P[Z<z,W > w]
=[Fy (@] - [Fy (2) - Fy(W)]".
O°F,, (z,w)
Oz0w
=n(n—D[Fy (2) = Fx W] fy (2) fx (W).

The joint PDF f, , (z,w) =



