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專題報告-圖論

歐洲的普瑞格爾河(Pregel River)流過東普魯士(East Prussia)的古城哥尼斯堡(Konigsberg)市中心，河中有兩座島，築有七座古橋，如下圖所示。每逢節假日，市民們紛紛上島，扶老攜幼，遊玩散步，不知何日何人提出如下的智力問題：請走過每座橋恰一次，再返回出發點。反覆的奔走與失敗，使人們不知其所以然地猜想其答案是否定的。
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1736 年，年29 的數學家歐拉(Euler, 1707-1783)嚴格地證明了上述哥尼斯堡七橋問題無解，並且由此開創了圖論的典型思維方式及論證方式，1736 年遂被公認為圖論元年。
A graph G is consisted of two types of elements, namely vertex and edge, and can be modeled as a set system of 2-element sets (edges) over a ground set (vertices), or as a Boolean binary function over a set of vertices. 

A vertex (basic element) is simply drawn as a node or a dot. The vertex set of G is usually denoted by V(G), or V when there is no danger of confusion. The order of a graph is the number of its vertices, i.e. |V(G)|. 

An edge (a set of two elements) is drawn as a line connecting two vertices, called endvertices, or endpoints. An edge with endvertices x and y is denoted by xy without any mid-dot in between, that is, do not write x⋅y. The edge set of G is usually denoted by E(G), or E when there is no danger of confusion. The size of a graph is the number of its edges, i.e. |E(G)|. 

A loop is an edge whose endvertices are the same vertex. An edge is multiple if there is another edge with the same endvertices; otherwise it is simple. The multiplicity of an edge is the number of multiple edges sharing the same endvertices; the multiplicity of a graph, the maximum multiplicity of its edges. A graph is a simple graph if it has no multiple edges or loops, a multigraph if it has multiple edges, but no loops, and a pseudograph if it contains both multiple edges and loops. When stated without any qualification, a graph is almost always assumed to be simple. 

[image: image1]The example graph pictured to the right is a simple graph with vertex set V = {1, 2, 3, 4, 5, 6} and edge set E = {{1,2}, {1,5}, {2,3}, {2,5}, {3,4}, {4,5}, {4,6}} (with the map w being the identity). 
A subgraph of a graph G is a graph whose vertex and edge sets are subsets of those of G. On the contrary, a supergraph of a graph G is a graph that contains G as a subgraph. We say a graph G contains another graph H if some subgraph of G is isomorphic to H. 

A subgraph H is a spanning subgraph, or factor, of a graph G if it has the same vertex set as G. We say H spans G. 

A subgraph H of a graph G is said to be induced if, for any pair of vertices x and y of H, xy is an edge of H if and only if xy is an edge of G. In other words, H is an induced subgraph of G if it has the most edges that appear in G over the same vertex set. If H is chosen based on a vertex subset S of V(G), then H can be written as G[S] and is said to be induced by S.
Traditionally, a path is graph consisted of a sequence of successively incident edges and their endvertices, where the terminating vertices are distinct. In modern literature, this definition usually refers to what is known as a trail, or open walk. When stated without any qualification, a path of n vertices, denoted by Pn, is usually assumed to be a simple path, or a simple trail in the modern sense, meaning every vertex is incident to at most two edges.
Traditionally, a cycle in a graph consisted of a sequence of successively incident edges and their endvertices, where the terminating vertices are identical. In modern literature, this definition usually refers to what is known as a circuit, or closed walk. When stated without any qualification, a cycle of n vertices, denoted by Cn, is usually assumed to be a simple cycle, or a simple circuit in the modern sense, meaning every vertex is incident to exactly two edges. In the above graph (1, 5, 2, 1) is a simple cycle.  
A tree is a connected acyclic simple graph. A vertex of degree 1 is called a leaf, or pendant vertex. An edge incident to a leaf is an leaf edge, or pendant edge. (Some people define a leaf edge as a leaf and then define a leaf vertex on top of it. These two sets of definitions are often used interchangeably.) A non-leaf vertex is an internal vertex. Sometimes, one vertex of the tree is distinguished, and called the root. A rooted tree is a tree with a root. Rooted trees are often treated as directed acyclic graphs with the edges pointing away from the root.
A weighted graph associates a real number label (weight) with every edge in the graph. The weight of a path in a weighted graph is the sum of the weights of the traversed edges. Sometimes the word cost is used instead of weight. When stated without any qualification, a graph is always assumed to be unweighted.
A graph that can be decomposed into two partite sets but not fewer is bipartite; three sets but not fewer, tripartite; k sets but not fewer, k-partite; and an unknown number of sets, multipartite. An 1-partite graph is the same as an independent set, or an empty graph. A 2-partite graph is the same as a bipartite graph. A graph that can be decomposed into k partite sets is also said to be k-colorable.
Complete graphs: 
任意兩點之間都有一個邊與其相連的圖稱為完整的圖，以Kn 來表示，n為點數，邊數為
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G is isomorphic to H (G~H) if:
G上的每一點在H上都只有一個對應的點，使得在G上相鄰的兩個點在H上面也是相鄰的。下面這三個圖互為isomorphic:
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